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Guaranteed Margins for LQG Regulators
JOHN C. DOYLE

Abstract—There are none.

INTRODUCTION

Considerable attention has been given lately to the issue of robustness
of linear—quadratic (LQ) regulators. The recent work by Safonov and
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Paper Setting Upper Bound Lower Bound
IAYS11] SF: (A,B) unknown O(WT) Intractable
IDMM+18] SF: (A,B) unknown O(T*?)
[FTI\/(I)Z}?KAI\QI;I)? 19/ SF: (A,B) unknown O(ﬁ)
[SSH20] PO: (A,B,C) unknown OG/T)
[SF20] SF: (A,B) unknown O <\/ dxd3T> Q <\/ dxd,fT)
2522 SF/PO Q (csys\/ dxdgT)
TZMMP22 SF: (AB) unknown 0 (VeiT) Q (Vi)

Overview of convergence rates, adaptive LQR

Instance dep.

Worst Case

NB: big-Oh is potentially hiding system/dimension factors
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Question for the audience: why can’t we lower bound R7(0) without the sup?
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Remark: connection to least squares estimate

- ~1 Heuristically this becomes:
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Recall that we hope that under our policy 7 that U, ~ K, X,

Now for 7, we find that:
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Singular!

So what if I(6, ) is singular? what about 1(0, r) for arbitrary 7z?

Fact [ZS22]: (I(0, 7)) S R7(0) whenever I(0, 7, ) is singular

/1min
Controllers with lower regret lead to poorer excitation = LQR has issues with closed loop identifiability

Exploration vs Exploitation tradeoff is nontrivial
~1
This gives us the proof sketch: R7(0) 2 T X (xlmin(I(H, 71'))) and A,;,(1(0, 7)) < R7(0)

Necessary condition for both inequalities to hold: R7(0) 2 ﬁ
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Theorem (informal) [ZS22]

Let @ = vec[A B]. For every policy 7, a € (0,1/4) we have that:

sup R0 2 \/d.d, X \/T X 6 (P(O))
0'eB(0,T~%)

Closed loop close to marginal stability, RHS above diverges

Systems that are “hard/costly to control” are also hard to learn to control
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Contrast with previous result
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NB: Time horizon T Is fixed



State Feedback Systems

Curse of Dimensionality



State Feedback Systems

Curse of Dimensionality

Consider the following “integrator” (¢ = vec|A B)):



State Feedback Systems

Curse of Dimensionality

Consider the following “integrator” (¢ = vec|A B)):



State Feedback Systems

Curse of Dimensionality

Consider the following “integrator” (¢ = vec|A B]):
0 0 O 0 O

I
0 1 1 0 0 08

A = . B=|: 0=1,
0 0 0 11 '
0 0 0 0 1 01

For this system, we show in [TZM+22] that: ~ sup R (0') 2 2dXﬁ
0'eB(0,T%)



State Feedback Systems

Curse of Dimensionality

Consider the following “integrator” (¢ = vec|A B]):
0 0 O 0 O

1
0 1 1 0 O 0 8
A= - B=|" ", o=1I, R=1L
0O 0 O 1 1 '
0 0 0 0 1 01
F ' ' . T () > d
or this system, we show in [TZM+22] that: ~ sup  R7(0') 2 2 Xﬁ
0'eB(0,T%)

More generally, worst case regret is exponential in the so-called controllability index



State Feedback Systems

Curse of Dimensionality

Consider the following “integrator” (¢ = vec|A B)):

0O 0 O 0 O
1
0 1 1 0 O 0 8
A= B=|" ", o=1I. R=1
0O 0 O 1 1 '
0 0 0 0 1 01
= : : _ (0N > d
or this system, we show in [TZM+22] that: ~ sup  R7(0') 2 2 Xﬁ
0'eB(0,T%)

More generally, worst case regret is exponential in the so-called controllability index

Hard to Control = Hard to Learn to Control
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Theorem (informal) [2522]

There exists a @ = vec|A B C] such that for every policy 7, a € (0,1/4) we have that:

sup R0 2 \/dd, X /T X 6, (,(0))
0'eB(O,T%)

2. (0) covariance matrix of the innovations process

Poor detectability of unstable modes, RHS above diverges

Systems that are “poorly observable” are also hard to learn to control
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Takeaways

L4DC problems can often be cast as problems in (statistical) decision theory

Well established theory of lower bounds (fundamental performance
limits) for these by reduction to estimation/hypotheses testing

Applied this observation to stochastic adaptive control

Characterized exploration-exploitation trade-off through a balance of regret and
Fisher Information

Regret typically scales as y/ d.d-T and increases further with poor
controllability
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