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What are the key properties dynamical (or control) systems need to
possess for learning to be feasible?

Relatively clear picture has emerged for perfectly observed linear
dynamical systems (Xit1 = A X + We):

Fazel et al. [2018]: Policy gradient methods converge

Simchowitz et al. [2018]: Lack of mixing does not impede conv. for LDS
Simchowitz and Foster [2020]: Optimal (dim) rates for LQR Regret
Tsiamis et al. [2022a]: Exponential hardness results for LQR regret

Would like to pursue more realistic models!

Today: discuss the above question in terms of nonlinear time-series

Q: What is the effect of mixing on the rate of convergence of the ERM?
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Simchowitz et al. [2018] have shown that ERM satisfies
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Figure: The spectral radius of the matrix A, has (almost) no impact on the rate of

convergence; p(Ay) € {0.3,0.9,0.99} and onmin(As) =~ 0
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two types of rates: iid rate or iid rate X dependency deflation
Q: when do we get the iid rate?
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Problem Formulation
Interested in nonlinear time-series / dynamical system (Y = Xi41)

Yo =f( X )+ W f. € F
m m m (3)
YCRY XCRIX YCR¥

Z hypothesis class of functions

Fy & F — {f.} "shifted/centered class”
(Xt)tT;Ol ~ Px: covariate process
(Xe, Y:)[Zo!: data available to the learner

(W)t martingale difference noise

Interested in the performance of ERM:
T-1
feargmines Y [IVe— F(X0)I2
t=0

in terms of square-loss excess risk:

T—1
1
If = £llf2 & = S EIFX) — £(XIB (f € 7)
t=0
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Study ERM under two assumptions
Al. Trajectory Hypercontractivity (identifiability/small-ball)
A2. Mixing

Main result: Informally, under A1-A2, ERM ?satisfies:

EIf — f.]% <

~

(dimensional factors x Uﬁv)comp(g)
T

+ higher order o(tmix/ T™ %)) terms  (4)
comp(.%): (inverse) measure of complexity

Takeaway: after a burn-in, slow mixing does not impede convergence for a
large class of problems

= we match the iid rate

Examples: LDS, GLM, RKHS, finite hyp. classes, ergodic finite state MC
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Second, in the LDS setting, can adapt Mendelson [2014] to control

Amin (io XeX{ ) 2 Amin (E i Xe X! ) (w.h.p.) (6)

t=0

= Challenge: we also require a nonlinear lower-isometry analogue of (6)
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Quadratic penalization in (8) gives free localization/self-normalization ©



Localization: Martingale Offset Complexity

combining (7) and (8): + 23—:_01 E||f(Xt) — (X3 S M7 (ZF)



Localization: Martingale Offset Complexity

combining (7) and (8): + 23—:_01 E||f(Xt) — (X3 S M7 (ZF)

Definition (Martingale Offset Complexity [Liang et al., 2015])

T—-1
1
Mr(7.) 2 sup = 3~ 4(We, F(X) = [F(X)]3
t=0

feF,



Localization: Martingale Offset Complexity
combining (7) and (8): + Z—:_Ol E||f(Xt) — (X3 S M7 (ZF)
Definition (Martingale Offset Complexity [Liang et al., 2015])

T-1

1

Mr(Z.) £ sup = > 4(We, (X)) — [F(X]2
feze 1 oo

= do not pay complexity for .# but only for those hypotheses near f,



Localization: Martingale Offset Complexity

combining (7) and (8): + Z:T:_ol E||f(Xt) — (X3 S M7 (ZF)

Definition (Martingale Offset Complexity [Liang et al., 2015])

T-1

1

Mr(Z.) £ sup = > 4(We, (X)) — [F(X]2
feze 1 oo

= do not pay complexity for .# but only for those hypotheses near f,

Behaves like a local complexity ©



Localization: Martingale Offset Complexity

combining (7) and (8): + Z:T:_ol E||f(Xt) — (X3 S M7 (ZF)

Definition (Martingale Offset Complexity [Liang et al., 2015])

T-1

1

Mr(Z.) £ sup = > 4(We, (X)) — [F(X]2
feze 1 oo

= do not pay complexity for .# but only for those hypotheses near f,
Behaves like a local complexity ©

= M7 (%) reduces to self-normalized martingale for linear hyp.



Localization: Martingale Offset Complexity

combining (7) and (8): + Z:T:_ol E||?(Xt) — (X3 SMT(F)

Definition (Martingale Offset Complexity [Liang et al., 2015])

T-1

1

Mr(Z.) £ sup = > 4(We, (X)) — [F(X]2
feze 1 oo

= do not pay complexity for .# but only for those hypotheses near f,
Behaves like a local complexity ©
= M7 (%) reduces to self-normalized martingale for linear hyp.

= M7 (%) can be bounded by chaining to give O(iid rate):

. wlog N (Fe,y) o g
< o log Noo (s, v w/ N 2
EM+(Z) NJ,';f(){ = + Nl V0og Noo(F,s)ds +~° ».




Localization: Martingale Offset Complexity

combining (7) and (8): + Z:T:_ol E||?(Xt) — (X3 SMT(F)
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1
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feze 1 oo

= do not pay complexity for .# but only for those hypotheses near f,
Behaves like a local complexity ©
= M7 (%) reduces to self-normalized martingale for linear hyp.

= M7 (%) can be bounded by chaining to give O(iid rate):

. wlog N (Fe,y) o g
< o log Noo (s, v w/ N 2
EM+(Z) NJ,';f(){ = + Nl V0og Noo(F,s)ds +~° ».

= know how to control empirical excess risk — need lower iso!
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The following Bernstein-type inequality is key

Theorem (Samson [2000, Theorem 2])
Let g : X — R be non-negative. Then for any X > 0 we have that:

T-1 T-1 2 2 T-1 2
Faep(Px)I|5 o Eg°(X
Eexp <—>\ g(xt)> < exp (—AZEg(Xt)Jr AT (Pl "ZEf—O £ ‘)> .
t=0 t=0
(9)

where ||Tgep(Px)]|op can be bounded as
IFaep(Px)llop = O(1) if Px is geo ¢-mixing

(") However, |[Faep(Px)I||2, = o T) is sufficient for us to obtain interesting
results
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The following Bernstein-type inequality is key

Theorem (Samson [2000, Theorem 2])
Let g : X — R be non-negative. Then for any A > 0 we have that:

T-1 T-1 2 2 T-1g 2
A% |[Taep(Px) |5 o Eg°(X
EeXp( A g(X ) < exp (A E Eg(X:) + Il ceo (Pl p2 o Ee'( t)> )
t=0 t=0
(10)

where ||Taep(Px)||op is given by

Definition (Dependency matrix 1, Samson [2000, Section 2])

The dependency matrix of a process Xo.7-1 With distribution Px is the
(upper-triangular) matrix [4ep(Px) = {FU},J b € R™*T defined as follows. Let
Xo.;i denote the o-field generated by {X:}i_o. For indices i < j, let

ry= \/2 sup [[Px;r_, (- | A) = Pxr_yllrv- (11)

A€ X

For the remaining indices i > j, let ['; =1 and [';; = 0 when i > j (below the
diagonal).
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Mixing does not seem to be sufficient. We also need:

Definition (Trajectory (C, «)-hypercontractivity)

Fix constants C > 0 and « € [1,2]. We say that the tuple (%, Px) satisfies the
trajectory (C, a)-hypercontractivity condition if

E “ ) |f(xt)|;‘] <c (E [ Z ()13

Here, the expectation is with respect to Px, the joint law of Xp.7—_1.

) for all f € Z. (12)

Can be thought of as a small-ball type condition (Paley-Zygmund)
Examples satisfying traj. hyp.:
All finite hyp-classes
LDS with log-concave noise (using Carbery and Wright [2001])
GLM with expansive link function
Ergodic Finite State MC (arbitrary hyp class)
Ellipsoids in ZZ(N), i.e., RKHS
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P (SL IFOOIB < 5 ST ENF(X) )
<infsoEexp (3 S5 EIFOOIE - ASL IF(XI3)  (Chernoff)

2 2 T-1 4
<infaxoexp (—% SENF(X)I3 + . ”rdep(PX)”‘”’;‘:’) EHf(Xt)HZ) (Samson's)

2—«
< o (~ sty < (FELEIFOE) ) (e con)

assume star-shaped + use a union bound:

T— T-1
1 2
P = (X —Ez= > If(X)ll2 p <0
(feg*\{lfIL2<r} { T ; “5T ;

7Tr4—2a
< |.%, _ | .
<|Zlee <8C||Fdep(Px)H%p>
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T-1 T-1
1 |1
B(r) & {f € Fu| = D EIFX)IE < r2}7 0B(r) £ {f € 7 ‘ = 2 EIf(X)I5 = rz}
t=0 t=0

Theorem
Fix B> 0, C € Ry, r € (0, B]. Suppose:

o that %, is star-shaped and B-bounded;
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T-1 T—1
1 1
B(r)2feF | =) EIf(X)l3<r?y, 0B(r)2{feFu| = > E[f(X)|3 =
(r) {C T; (r)zf}( (r) {C T;H(t)\\z
Theorem
Fix B> 0, C € Ry, r € (0, B]. Suppose:
o that .%, is star-shaped and B-bounded;
o that #, C Fy is an r/\/8-net of 9B(r) in ||-||eo such that
—o (ZF,,Px) is (C, 2)-trajectory hypercontractive
Then:
7 2 2 2 -T
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"iid rate” Noo(For)

}



Main Result: Simplified

T-1

T—1
a s |1 2 2 P 2 -z | 1 2 2
B(r) & {f €| T ; E||f(Xe)|3 < r } dB(r) & {f €| ;O E[[f(Xe)|3=r
Theorem
Fix B> 0, C € Ry, r € (0, B]. Suppose:
o that .%, is star-shaped and B-bounded;
o that #, C Fy is an r/\/8-net of 9B(r) in ||-||eo such that
—o (ZF,,Px) is (C, 2)-trajectory hypercontractive
Then:
7 2 2 2 -T
EIf — f]% < 8EM(Z.) 47 + B | 7| exp (—2) (13)
_— —~ 8C|ITaen(Px) |13
"iid rate” SNoo (Fxor)

choose r? < EM7(%,)
suppose ||Faep(Px)|135 = O(1)

Noo(Fw, EMT(Z4)) grows slower than the neg. exp. term @
= dominant term in (13) is EM7(.%y)

= iid rate after a burn-in ©

}
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Stable and expansive GLM

£?(N)-ellipsoids ("RKHS")
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LDS: Xii1 = A Xe + HV:, Xo = HVo, Ve ~ N(0,1)

lin hyp: 7 £ {f(x) = Ax | A € R%&X%_ ||A||f < B}
(A«, H) k-step cont.; rank ([H A,H A2H ... AlH]) =dx

Ay (7, p)-stable; for all k € N we have | AkHOP < 1o (p € (0,1))

= can also control dependency matrix by stablllty

= (Cips, 2)-traj. hyp. with Cips <

Use our main theorem + truncation®:

. H|3,d
EI(A - A)VERl: < Ied (7> poly(parans))

matches the iid minimax rate after a burn-in ,@

relies on a bound from Tu et al. [2022] on the RHS of

“1/2714 2
(Z X X; ) > X VIHT
t=0

F

EMT(J* S

~|\4>

I Technically, we verify hyp.con. and mix. for a truncated noise précess and then-couple
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2
By — 1[Hlloo 1P llap > /dx

T 1-p
= can also control dependency matrix by stability

Use our main result + truncation:

[[H 15t

Ello(A)—o(A)IIE < T

1
Ko (max { T, B, d, 1Pl | o, 1fp})

Compare Kowshik et al. [2021]: ||;4\— AR = é(HHngd)%/(T)\min(Zx)))

First up-to-logarithms rate-optimal excess risk bound ©
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Example: Stable GLM, numerical experiment

LeakyReLU with slope 0.5, i.e., o(x) = 0.5x1{x < 0} + x1{x > 0}

p=0.9 p=0.99

—e— Trajectory
Ind Baseline

o

L2 Excess Risk
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T T

L? excess risk as a function of dataset length T of ERM

single trajectory (Trajectory) dataset versus independent baseline (Ind
Baseline) dataset

independent baseline: same marginals but iid
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(P.,Px) is (C.,2)-traj. hyp. with C. = (1 4+ 7K3B*m?7"2)



/2(N)-ellipsoids

0o o0 2
2, % {f=291¢j‘zej_ < 1} —{f}
= = K

Under the hypotheses of the previous slide:
exponential eigenvalue decay
bounded ONS growth in || - ||co
M.A.C. marginals

we get for T > poly(params):

E|If — £.|% < EM7(2,)

~

can bound EM7(2,) = O(1/T) by chaining [Ziemann et al., 2022]
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interplay of mixing (lack thereof) and non-realizability

Nagaraj et al. [2020]: deflation unavoidable in the worst case

0=

Can do this with "classical” regularization but not with "modern”


https://arxiv.org/abs/2206.08269

Thanks for Listening

ziemann@kth.com



Bonus: an open problem

Consider LDS: Xi11 = A X + Ws
but assume A, is known to be s-sparse

can invoke our main thm to obtain

~ ~ (o2yslogd
Ell(A— A.)v/Ex|2 = O %)

not tractable (search over exp(s) ERMs) @

Known results for LASSO on LDS are linear in the mixing time?

2
(A~ A V/Ex|p 5 meoweload
tractable ©

not minimax optimal @

Question: What is going on? Is there a trade-off between computation
and statistical efficiency, or are existing analyses simply sub-optimal?

More open problems in our survey: Tsiamis et al. [2022b]

2Fattahi et al. [2019], Wainwright [2019], Lecué and Mendelson [2018]
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